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NUMERICAL STUDY OF NON-UNIQUENESS FOR 2D COMPRESSIBLE
ISENTROPIC EULER EQUATIONS
ALBERTO BRESSAN, YI JIANG AND HAILIANG LIU
Abstract. In this paper, we numerically study a class of solutions with spiraling singularities
in vorticity for two-dimensional, inviscid, compressible Euler systems, where the initial data have
an algebraic singularity in vorticity at the origin. These are different from the multi-dimensional
Riemann problems widely studied in the literature. Our computations provide numerical evidence
of the existence of initial value problems with multiple solutions, thus revealing a fundamental
obstruction toward the well-posedness of the governing equations. The compressible Euler equations
are solved using the positivity-preserving discontinuous Galerkin method.
1. Introduction
For strictly hyperbolic conservation laws in one space dimension, the existence and uniqueness
of entropy weak BV solutions is well established [1, 2, 3, 8, 10, 11]. Whether a similar theory
can be achieved for multi-dimensional problems has remained an outstanding open question. On
the positive side, a wealth of results has been obtained for specific classes of problems, such as
shock reflections [6], or multidimensional Riemann problems: see for example [6, 20] and references
therein. In many of these cases, a unique solution could be explicitly found. On the other hand,
recent work by De Lellis, Sze´kelyhidi, and collaborators [14, 15] has shown the existence of a huge
family of weak solutions to the Euler equations, all with the same initial data. Their construction,
based on convex integration and a Baire category argument, produces an infinite family of solutions
of turbulent nature, none of which can be explicitly described. As shown in [7], in this setting the
usual entropy admissibility conditions, imposed on weak solutions to conservation laws, fail to select
a unique solution.
At this stage, it seems unlikely that some new, physically meaningnful criteria can be found,
leading to the well posedness of the multidimensional equations. On the contrary, simple examples
of initial data, apparently leading to two distinct solutions, has been recently studied in [5], for
the incompressible two-dimensional Euler flow. In a vorticity formulation, these equations can be
written as {
ωt +∇⊥ψ · ∇ω = 0,
∆ψ = ω,
(1.1)
where ψ is the stream function, u, v are two components of the velocity, ω = curl(u, v) is the
vorticity, and ∇⊥ = (−∂y, ∂x). As initial data, one takes a vorticity concentrated on two wedges,
symmetric w.r.t. the origin. Inside these wedges, the vorticity is unbounded, with a singularity at
the origin. By approximating the same initial data in two different ways, numerical simulations
performed by Wen Shen [16] show that two very different limits are obtained.
A natural question, which we investigate in the present paper, is whether similar examples of
non-uniqueness can occur also for compressible flow. We focus on the two-dimensional isentropic
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compressible Euler equations:

ρt + (ρu)x + (ρv)y = 0,
(ρu)t + (ρu
2 + p)x + (ρuv)y = 0,
(ρv)t + (ρuv)x + (ρv
2 + p)y = 0.
(1.2)
Here ρ is the density, (u, v) is the fluid velocity, and p(ρ) = Aργ is the pressure, with A > 0, γ > 1.
In the following we shall take the adiabatic constant γ = 1.4 and A = 1, unless otherwise stated.
The goal of the present work is to explore the multiplicity of solutions to compressible equations
(1.2) by a numerical approach. Motivated by the numerical construction for the incompressible
Euler equation (1.1) in [5], we start with a similar form of singular vorticity profile, and construct
three families of initial data (given in polar coordinates) which approximate the same vorticity in
the limiting case. Using these initial data, together with an initial density ρ0 = r
β which is a
power of the radial coordinate, we solve the system (1.2) and check whether they lead to distinct
solutions, at any positive time. By carefully tuning the three parameters in initial data (exponent
in the density, exponent in the vorticity, and angular support of the vorticity), in our extensive
numerical experiments we find several cases where non-uniqueness of solutions can be observed
through the vorticity profile. More specifically, with the other two of the three parameters fixed
at certain values, we find that the continuous dependency of initial data is violated when 1) the
exponent term in initial density is small enough, or 2) the exponent term in initial vorticity is
within a certain range, or 3) the initial vorticity function is supported on a small enough angle.
Hopefully, these numerical results can be further validated by rigorous a posteriori error estimates,
leading eventually to a computer-assisted proof of this striking phenomena.
The remainder of the paper is organized as follows. In the next section, we review the non-
uniqueness results for the incompressible case presented in [5]. In Section 3, we discuss the non-
uniqueness for compressible equations, where the initial data designed for numerical tests are in-
troduced and numerical results as well as implementation details are presented. In particular, we
describe how different parameters in the initial data affect the uniqueness of solutions. In Section
4, we provide further numerical results to improve our understanding of how the compressibility
can affect the structure of solutions. Finally, concluding remarks are given in Section 5.
2. Review of non-uniqueness results for the incompressible flow
For the incompressible Euler flow (1.1), solutions with spiraling singularities were numerically
constructed in [5] . The initial vorticity (given in polar coordinates) takes the form
(2.1) ω0(r, θ) = r
−αφ(θ), (x, y) = (r cos θ, r sin θ).
Here 0 < α < 2 while φ ∈ C∞(R) is a non-negative, smooth, periodic function which satisfies
φ(θ) = φ(π + θ), φ(θ) = 0 if θ ∈
[π
4
, π
]
.
Notice that the initial vorticity ω0 is supported on two wedges, symmetric w.r.t. the origin, and
becomes arbitrarily large as |x| → 0.
The function ω0 can now be approximated by two families of bounded initial data, by taking
(2.2) ω′0,ǫ(r, θ) =
{
ω0(r, θ) if |r| > ǫ,
ǫ−α if |r| ≤ ǫ,
ω′′0,ǫ(r, θ) =
{
ω0(r, θ) if |r| > ǫ,
0 if |r| ≤ ǫ.
As ǫ→ 0, both families converge to ω0 in Lploc(R), for a suitable p depending on the choice of α.
Since ω′
0,ǫ, ω
′′
0,ǫ ∈ L∞(R) for every ǫ > 0, by Yudovich’s theorem [18] each of these initial data
yields a unique solution.
However, the numerical simulations in [5] indicate that, as ǫ → 0, two distinct limit solutions
are obtained. In the first solution, both wedges wind up together into a single spiral. On the other
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hand, in the second solution, each wedge curls up on itself and two distinct spirals are observed.
This indicates that the ill-posedness of the two-dimensional incompressible Euler equation (1.1) in
W 1,ploc is “incurable”, since there is no way to choose a unique solution continuously depending on
the initial data.
Some partial steps toward a rigorous validation of these numerical results were taken in [4, 5].
More precisely, in [5] some a posteriori error estimates were proved, for numerical approximations
on a domain where the solution remains smooth. In addition, in [4] the authors constructed two
types of analytical solutions: in a neighborhood of infinity, and in a neighborhood of the spiral’s
center where the vorticity is unbounded.
3. Non-uniqueness for compressible equations
In this section we present the results of several numerical simulations, with carefully designed
initial data, checking whether the spiraling solutions found in the incompressible case are still
produced. The underlying motivation is that, even for compressible flow, the vorticity is passively
transported along particle trajectories. Therefore, if the vorticity is initially supported on two
wedges, then at any time t > 0, we expect that the vorticity will still be supported on a set which
is topologically equivalent to two wedges.
To be more specific, we work on a square domain Ω = [−a, a] × [−a, a] with periodic boundary
conditions. Using polar coordinates as in (2.1), we consider an initial density of the form
(3.1) ρ0(r, θ) = r
β,
for some β ≥ 0. The components of the initial velocity are obtained from
u = ψy, v = −ψx,(3.2)
where the stream function ψ is recovered from the vorticity using the Poisson equation
ψxx + ψyy = ω,(3.3)
subject to an appropriate boundary condition. Since what matters is the behavior of the solution
near the origin, which is not much affected by the boundary conditions, we simply adopt the zero
boundary conditions for ψ.
As initial vorticity, we take the same kind of profile as in (2.1), namely
(3.4) ω¯(r, θ) = r−αφ(θ).
Here 0 < α < 2, while φ is π- periodic: φ(θ + π) = φ(θ), and
φ(θ) =
{
θ0 − |θ|, if |θ| < θ0,
0, if θ ∈ [−π/2,−θ0] ∪ [θ0, π/2],
for some given angle 0 < θ0 < π/2.
We approximate the initial vorticity ω¯ by three families of vorticity functions:
Case 0 : ω¯ǫ,0(r, θ) =
{
ω¯(r, θ), if |r| > ǫ,
ǫ−α, if |r| ≤ ǫ,
Case 1 : ω¯ǫ,1(r, θ) =
{
ω¯(r, θ), if |r| > ǫ,
ǫ−αφ(θ), if |r| ≤ ǫ,
Case 2 : ω¯ǫ,2(r, θ) =
{
ω¯(r, θ), if |r| > ǫ,
0, if |r| ≤ ǫ.
As ǫ→ 0, all these three functions converge to ω¯ in L1
loc
. See their plots in Figure 1.
3
Figure 1. Three families of initial vorticity function in a small neighborhood of the origin:
(x, y) ∈ [−0.05, 0.05]× [−0.05, 0.05], where α = 0.95, θ0 = pi3 , ǫ = 0.004. From left to right:
Case 0, Case 1 and Case 2.
In our simulations, we will mainly focus on the comparison between the results from Case 0 and
Case 2. We shall see in Section 3.2.2 that Case 1 provides an “intermediate” solution, which, as
time increases, converges either to the“one-spiral” or to the “two-spirals solution”. This suggests
that, after one or two spiraling vortices have formed, these two solutions are both locally stable,
and attract all nearby solutions.
3.1. Implementation details. Numerical implementation goes as follows: we consider a uniform
discretization in space ∆x = ∆y = 2aN , where the number of computational cells is N × N . The
procedure for numerically solving the system is the following.
(i) Given a vorticity profile ω, we solve the Poisson equation (3.3) using the five-point Laplacian
scheme to obtain the approximation of the stream function ψ at grid points;
(ii) then we use the second order central finite difference to get the approximation of two
velocities u and v at grid points respectively;
(iii) in each square computational cell, we use three out of four values at corners (grid points)
to reconstruct the P 1 polynomial approximation of the two velocity functions respectively;
(iv) using these two velocity approximations together with the density function ρ0 as the initial
data, we solve the Euler equations using P 1-DG method in space and the third order strong-
stability-preserving Runge-Kutta method [17] in time, where the invariant-region-preserving
limiter introduced in [12] is applied. Note that, for the isentropic system we consider here,
only the positivity of the density needs to be preserved, and the limiter reduces to the usual
positivity-preserving-limiter [19].
In all the following experiments, we take a = 0.2 and N = 200, that is, the mesh size ∆x = 0.002.
We take ǫ = 0.004 unless otherwise specified. We follow the steps below to construct the vorticity
profile at the final time T .
(i) Use the P 1-DG solutions (that is, P 1 polynomial approximation of the density function,
and two momentum functions) to construct the two velocity functions u and v at the center
of each computational cell;
(ii) use the second order central finite difference to approximate uy and vx, and then find the
vorticity through (3.2) and (3.3).
All the plots are made by using the surface plot function in MATLAB where the color is specified
by a cut-off of the relative value of the vorticity vector (with respect to its maximum value). We
look at the projection of the vorticity on the x-y plane unless otherwise specified.
3.2. Numerical results.
3.2.1. Effects of β. We first test the initial data, Case 0 and Case 2, with different values of β,
the power term in the initial density function. Based on our experience with the incompressible
4
equations, we fix α = 0.95 and θ0 =
π
8
.
Example 1. β = 1. Figure 2 shows that the two cases generate very similar vorticities, which are
single spirals.
Figure 2. Example 1. Vorticity profiles at T = 1. β = 1, α = 0.95 and θ0 =
π
8
.
Example 2. β = 0.5. We first run the simulation at T = 0.5. We notice that the result from Case
2 has a different shape compared to that from Case 0. However, when we test it with T = 1, the
vorticity profile in Case 2 also becomes a single spiral. See Figure 3.
Figure 3. Example 2. Vorticity profiles at T=0.5 (top) and T=1 (bottom). β =
0.5, α = 0.95 and θ0 =
π
8
.
Example 3. β = 0. This is the case where the initial density is constant: ρ0 = 1. We first run the
simulation at T = 0.5. We notice that two cases generate two different shapes of vorticities, where
the one from Case 0 is a single spiral while the one from Case 2 has two peaks. See Figure 4. We
then test them with larger times T = 1 and T = 3. It shows that two spirals are generated in Case
2, which indicates the non-uniqueness of solutions. See Figure 5. More Case 2 vorticity profiles at
larger times (T = 3, 5, 7) are shown in Figure 6.
Example 4. One may wonder what other values of β could lead to different solutions. To understand
this, we test three more different values of β. Namely: β = 0.1, 0.2 and 0.3. Results are shown
in Figure 7-9 with the chosen β values. Case 2 always has two peaks in the vorticity at T = 1
while Case 0 always generate a single spiral at that time. To determine if a distinct vorticity profile
occurs, we run the test at larger times for Case 2 with the three given β values. The results are
5
Figure 4. Example 3. Vorticity profiles at T=0.5. β = 0, α = 0.95 and θ0 =
π
8
.
Figure 5. Example 3. Vorticity profiles at larger times. β = 0, α = 0.95 and
θ0 =
π
8
. Top: T = 1; bottom: T = 3.
Figure 6. Example 3. Case 2 vorticity profiles at larger times. β = 0, α = 0.95
and θ0 =
π
8
.
very interesting. For β = 0.3, the vorticity profile becomes a single spiral when T = 2. See Figure
10. For β = 0.2, the single spiral is eventually formed at T = 8. See Figure 11. For β = 0.1, two
spirals are observed when T = 8. But as time evolves, it appears the two spirals are getting closer
and are likely to merge. See Figure 12. In addition to possible numerical effects from the fineness
of the mesh and/or the value of ǫ we choose, the fact that the two pieces not only rotate around
themselves but also revolve around the origin might also contribute to this phenomenon.
In summary, we conclude that with a fixed (carefully chosen) value of α and θ0, there exists a
β∗ > 0 such that
6
Figure 7. Example 4. Vorticity profiles at T=1. β = 0.1, α = 0.95 and θ0 =
π
8
.
Figure 8. Example 4. Vorticity profiles at T=1. β = 0.2, α = 0.95 and θ0 =
π
8
.
Figure 9. Example 4. Vorticity profiles at T=1. β = 0.3, α = 0.95 and θ0 =
π
8
.
Figure 10. Example 4. Case 2 vorticity profiles at T = 2 with different β values.
α = 0.95 and θ0 =
π
8
.
Figure 11. Example 4. Case 2 vorticity profiles at larger times with β = 0.2.
α = 0.95 and θ0 =
π
8
.
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Figure 12. Example 4. Case 2 vorticity profiles at larger times with with β = 0.1.
α = 0.95 and θ0 =
π
8
.
(1) when 0 ≤ β < β∗, non-unique solutions can be observed for (1.2) with the proposed initial
data, which indicates that the continuous dependency of initial data is violated and it is
“incurable”;
(2) when β ≥ β∗, both proposed initial data lead to vorticities as one single spiral eventually;
(3) in the situation where one single spiral is generated, Case 0 forms the spiral earlier than
Case 2. See Figure 3 and 9.
3.2.2. Effects of α. In this section, we test how the choice of α, the exponent in the initial vorticity
function, affects the solutions to the system, with three different initial data respectively. Based
on the results in the previous section, we fix β = 0.1 and θ0 =
π
8
.
Example 5. α = 0.1. All three cases seem to result in vorticities of a similar shape at T = 1.
However, we notice that Case 0 has a local maximum in the center while the other two cases have
a local minimum in the center, which can also be verified from 3D plots. This motivates us to look
at the plots at larger T . The results show that as time processes, solutions in all three cases look
very similar except at the singular center. See Figure 13.
Figure 13. Example 5. Vorticity profiles at different time. β = 0.1, α = 0.1 and
θ0 =
π
8
. Top: T=1; bottom: T=6.
Example 6. α = 0.5. It’s clear that Case 0 forms a single spiral at T = 1, while Case 1 and Case
2 sharing common features look different from Case 0. We then look at their behaviors at larger
time T = 4, and the results show that the two peaks in both Case 1 and Case 2 are more distant
as time processes, which distinguishes them from Case 0. See Figure 14.
Figure 14. Example 6. Vorticity profiles at different time. β = 0.1, α = 0.5 and
θ0 =
π
8
. Top: T=1; bottom: T=4.
Example 7. α = 0.75. In this example, the difference between solutions show up at T = 1. Con-
firmed with a larger time test, we can see that both Case 1 and Case 2 eventually form two spirals
while Case 0 results in one single spiral. See Figure 15 and 16.
Figure 15. Example 7. Vorticity profiles at different time. β = 0.1, α = 0.75 and
θ0 =
π
8
. Top: T=1; bottom: T=2.
Example 8. α = 0.95. Note that this example uses the same parameters as in Example 3, where
non-uniqueness of the solution is observed with Case 0 and Case 2 initial data. In this test, we see
that Case 1 results in a vorticity that eventually twirls into a single spiral, as in Case 0. See Figure
17.
Example 9. α = 1.2. All three cases lead to one single spiral. See Figure 18.
Example 10. We test Case 2 with some larger α values: α = 1.3, 1.5 and 1.7 and observe that the
results are all single spirals. Note that Case 0 and Case 1 always form single spirals when Case 2
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Figure 16. Example 7. Vorticity profiles at larger times. β = 0.1, α = 0.75 and
θ0 =
π
8
.
Figure 17. Example 8. Case 1 vorticity profiles at different times. β = 0.1,
α = 0.95 and θ0 =
π
8
.
Figure 18. Example 9. Vorticity profiles at T = 1. β = 0.1, α = 1.2 and θ0 =
π
8
.
does, so the uniqueness of solutions is preserved with the chosen α values. See Figure 19.
Figure 19. Example 10. Case 2 vorticity profiles at T = 1 with some large α values
given β = 0.1 and θ0 =
π
8
.
In summary, we conclude that with a fixed (carefully chosen) value of β and θ0, there exist
αi ∈ (0, 2), i = 1, 2, 3 such that
(1) when 0 < α < α1, the vorticities generated from the three types of proposed initial data
are similar;
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(2) as α increases but does not exceed α2, Case 0 begins to form a single spiral while the other
two cases form two spirals. Non-uniqueness of the solution is indicated;
(3) as α continues to increase but does not exceed α3, Case 1 begins to behave like Case 0,
which results in a single spiral, while Case 2 still forms two spirals. Again, non-uniqueness
of the solution is indicated;
(4) when α3 < α < 2, all three cases eventually lead to vorticities as one single spiral;
(5) in the situation where the single spiral is generated, Case 0 forms the spiral earlier than Case
1, which does earlier than Case 2. The formation time of the spiral can also be indicated
by the number of its turns. See Figure 18;
3.2.3. Effects of θ0. In this section, we test how the choices of θ0, the support of the function φ(θ)
in the initial vorticity, affects the solution. We fix β = 0.1 and α = 0.95 and test only Case 0 and
Case 2 initial data.
Example 11. θ0 =
π
10
. Non-unique vorticity profiles are observed. See Figure 20 and 21.
Figure 20. Example 11. Vorticity profiles at T = 1. β = 0.1, α = 0.95 and θ0 =
π
10
.
Figure 21. Example 11. Case 2 vorticity profiles at larger times. β = 0.1, α = 0.95
and θ0 =
π
10
.
Example 12. θ0 =
π
4
. Both cases result in one single spiral. See Figure 22.
Figure 22. Example 12. Vorticity profiles at T = 1. β = 0.1, α = 0.95 and θ0 =
π
4
.
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Example 13. θ0 =
π
3
. Both cases result in one single spiral. See Figure 23.
Figure 23. Example 13. Vorticity profiles at T = 1. β = 0.1, α = 0.95 and θ0 =
π
3
.
In summary, we conclude that with a fixed (carefully chosen) value of β and α, there exists a
positive θ∗
0
such that when θ0 < θ
∗
0
, distinct vorticity profiles are observed and the non-uniqueness
of (1.2) is indicated, while when θ0 ≥ θ0 one always obtains the vorticity as a single spiral.
Remark 3.1. If we restrict on a smaller region, for example, where a = 0.06, and use a refined
meshsize dx = 0.0005 while keeping ǫ and the three parameters the same, we can observe the two
spirals more clearly. Compare the image in Figure 24 with the right image in Figure 7.
Figure 24. Remark 3.1. Case 2 vorticity profile at T = 1.
4. Effects of the compressibility
In this section, we present further numerical results to examine how the compressibility of the
gas changes the solution structure.
From a Physics view-point, the fluid should behave (asymptotically) like an incompressible one
when the density is almost constant, the velocity is small and we look at large time scales. It is
known in [13] that the rescaling of ρ and u (and thus p) via
t→ λt, u→ λu
will still lead to (1.2) with p replaced by
p =
A
λ2
ργ .
Here λ is essentially linked to the Mach number, M = |v¯|(dp(ρ¯)/dρ)−1/2, the ratio of fluid speed
to sound speed, where ρ¯ is the mean density, and λ = M
√
Aγ upon a detailed non-dimensional
scaling [13]. Hence the moment equation indicates that ρ should be like ρ¯+ O(M2) for M small.
For ρ¯ = 1, one may pass to the limit M → 0 to obtain
ux + vy = 0,
ut + (ρu
2 + P )x + (ρuv)y = 0,
vt + (ρuv)x + (ρv
2 + P )y = 0,
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where P is the ‘limit’ of A(ργ−1)/λ2. In other words, we recover the incompressible Euler equations,
and the hydrostatic pressure appears as the limit of the renormalized thermodynamical pressure.
Rigorous justification of this limit can be found in [13].
In Example 3, with parameters β = 0, α = 0.95, θ = π
8
and A = 1, the non-uniqueness of
solutions with these parameter values have been observed, where Case 0 initial condition result in
one single-spiral shape vorticity while Case 2 results in two spirals. In the following, we fix these
parameters in the initial condition, and test with different values of A for (1.2) with the pressure
function p = Aρ1.4 for Case 2 only.
In light of the above discussion on the incompressible fluid limit, the compressibility of the system
can be enhanced by decreasing the value of A. The resulting Case 2 vorticity profiles at different
times are presented from Figure 25 to Figure 29. We can see that the two spirals are formed more
slowly when the system is getting less compressible.
Figure 25. Case 2 vorticity profiles. Highly compressible.
Figure 26. Case 2 vorticity profiles. Very compressible.
Figure 27. Case 2 vorticity profiles. Moderately compressible.
5. Concluding remarks
Hyperbolic conservation laws provide the basic mathematical models for continuum physics,
widely used in the scientific and engineering community. Yet, for a long time a general existence-
uniqueness theorem in several space dimensions has awaited a rigorous justification. With the
numerical simulations presented in this paper, we hope to raise the awareness that this lack of
13
Figure 28. Case 2 vorticity profiles. Mildly compressible.
Figure 29. Case 2 vorticity profiles. Slightly compressible.
a well-posedness theory reflects a fundamental obstruction stemming from the very nature of the
equations. At an intuitive level, when the initial vorticity is supported on two wedges and has a
power singularity at the origin, the mechanism leading to multiple solutions can be easily under-
stood. This lack of uniqueness is indeed confirmed by several of our computations. It remains a
challenging open problem to rigorously validate these simulations, proving the existence of exact
solutions having the same structure as the numerically computed ones.
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